The lagrangian description of unsteady boundary-layer separation is reviewed from both analytical and numerical perspectives. We explain in simple terms how particle distortion gives rise to unsteady separation, and why a theory centred on lagrangian coordinates provides the clearest description of this phenomenon. Included in the review are some of the more recent results for unsteady three-dimensional compressible separation. The different forms of separation that can arise from symmetries are emphasized. Current work includes a possible description of separation when the detaching vorticity layer exits the classical boundary-layer region, but still remains much closer to the surface than a typical body length-scale.
Introduction
Mathematical descriptions of fluid flows must yield physical results that are independent of the coordinate system and the choice of mathematical variables. For a given physical model, the choice of mathematical formulation is determined by criteria of simplicity and the insight that the mathematics yields of the underlying physical processes. For many fluid dynamical problems, and particularly for steady flows, the simplest and cleanest mathematics arises from the use of eulerian coordinates. However, for other flows, such as unsteady flows in which advection dominates diffusion, lagrangian particle coordinates may be more appropriate.
In this article we show how, over the last decade or so, the use of lagrangian coordinates has yielded insights into unsteady separation which investigations using eulerian coordinates in the preceding seventy years had overlooked. By 'separation ' we refer to the high Reynolds number flow phenomenon by which thin viscous boundary layers generated next to a rigid surface can 'break aw ay' from that surface. This definition of separation is close to that of both Prandtl (1904) and Sears & Telionis (1975) . In addition it is consistent with J. H. B. Smith's (personal communication) alternative and equivalent definition that separation occurs when the dominant mode of vorticity transport away from the surface, but within the boundary layer, is advection. The main simplification of a lagrangian approach is evident from the system of equations (3.4a, 3.6a, 6, 3.7a, c) that provides sufficient information to solve for the position x and velocity u parallel to the surface independently of the position y and velocity v normal to the surface. It is this decoupling that is the key to much of the analysis that follows. Once x is known, the normal particle position y can be found by integration of the jacobian (3.5) along lines of constant x\ in particular where ds2 = d£2 + dy2, and the integral is performed in the lagrangian (£, t) coordinate system along the lines of constant x and t, i.e. lines that in physical space are vertical through the boundary layer.
To make further analytical progress it is necessary to assume that up to and including the time of separation, the solution for the projected position x remains a regular function of £, and t. Any singularities that develop will then be associated with irregularities in the continuity equation. From either (3.5) or (3.8) such singularities can occur at a fluid particle, say £ = £s, if at some time, say t = ts, a, stationary point develops in x(%,t) (Van Dommelen & Shen 1980), i.e. if
There are several arguments in favour of the regularity of x, and the implication that singularities form only in y. First, if x is assumed to be regular, then the analytic structure of several separation processes previously studied using eulerian co ordinates can be recovered by a simpler lagrangian analysis (VDC). Second, Van Dommelen (1981) showed analytically that the inviscid version of (3.4a, 6a, 7c) has solutions that are regular functions of the lagrangian variables; he also showed that if (3.9) was satisfied y(%,t) and v(%,t) become singular. Although this analysis can be extended by expanding in powers of a small coefficient of viscosity, the example is somewhat artificial because during most of the evolution of the boundary layer, viscous effects are significant and cannot be neglected. Similar analyses dem onstrating the analyticity of the projected position for the case of a threedimensional inviscid flow with a symmetry line have been presented by Van Dommelen (1981) for the flow on the symmetry line, and Stern & Paldor (1983), Russell & Landahl (1984) , and Stuart (1984 Stuart ( ,1988 Stuart ( ,1990 for the flow near the symmetry line (see also VDC).
However, the most convincing argument in favour of the assumption of regularity comes from numerical solutions of the lagrangian boundary-layer equations. (Lam 1988) and (e) vortex-induced boundary-layer flow (Peridier & Walker 1989 ) . In particular, Van Dommelen (1990) has performed high-resolution numerical calculations in a study of the boundary layer at the equatorial plane of a spinning sphere; he found no evidence of singular behaviour in the solution of the momentum equation up to and including the start of separation.
Numerical calculations cannot, however, rigorously prove that solutions to the momentum equation are regular before separation. Besides, such a proof may be complicated because (i) a finite time after a stationary point has developed the solution to the momentum equation can become singular (Van Dommelen 1990) and (ii) at large times the solution can become exponentially close to a singularity (see §5). In absence of a proof, for the rest of this paper we will assume that the solution for x is indeed regular.
3.3.
Moore-Rott-Sears conditions As indicated above, the assumption that x(£, t) is analytic implies that singularities can develop only in the continuity equation, and only at times at which the lagrangian derivatives (3.9) vanish. This condition implies that for all infinitesimal changes in fluid particle, 0$, the corresponding change in projected particle position is dx = d£V( x = 0. (3.10)
Physically this means that an infinitesimal particle volume dgdy around point s has been squashed to zero size in the ^-direction parallel to the wall. Because particle volume is conserved, the compression in this direction is compensated for by a rapid expansion in the ^-direction. This drives the fluid above the squashed region dgdy 'far' from the wall to form a separating vorticity layer (cf. the physical description given in §2). Such a process constitutes separation in the sense of Sears & Telionis (1975) , since the particle distance from the wall becomes too large, 'infinite', to be described by the usual boundary-layer scale. Yet a lagrangian approach does more than just provide this natural physical description; it also makes it simple to verify that two properties known as the Moore-Rott-Sears conditions are satisfied at separation (Sears & Telionis 1975) . In the present context the first of these conditions asserts that the separation structure moves along the wall with the velocity of the squashed fluid particle. Therefore in a system that moves with the separation structure, the velocity profile will be zero at the squashed particle. The second condition is that the squashed particle has zero vorticity, which implies that the velocity profile also has a stationary point at the particle.
We will be most concerned with the onset of separation at the particle which is the first to be squashed to zero size in the streamwise direction (henceforth £s will denote this particle and ts will denote the time of the onset of separation). That the first MRS condition is satisfied at ts follows immediately from the asymptotic scaling (3.15c) derived in the next subsection. However, solutions to the momentum equation can be found at later times, even if their physical relevance is questionable (Elliott et al. 1983 ). For these later times the first MRS condition follows directly from the requirement (3.9) that the lagrangian derivatives vanish:
•^(^mrs' 0 = ^BS V, = 3& (^mrs> 0. To be more specific, if the function x(£, t) is a regular fun to ,t6, it can be expanded as
where (£x>£8) = (£> V)> X,J ~ x> £}>& & ) ~ and the stationary point condition (3.9) has been used. This expression can be simplified by a transformation li = Z aij8£j, (3.136) i which shifts the lagrangian coordinate system to the separation particle, s, and with a suitable choice of ay, rotates it so as to eliminate the mixed partial derivative (# 12)s in the new coordinate system. Henceforth we will adopt the convention of omitting the subscripts comma and s if they occur together, i.e. x{ = (x {)s. The Taylor series expansion (3.13a) becomes If ts is the first time that a stationary point occurs, the Taylor series coefficients in the rotated coordinate system cannot be completely arbitrary because the singularity condition may not be satisfied anywhere for bt < 0. On expanding the condition (3.9) also in a Taylor series it is readily verified that one of the coefficients xn and x22 must be zero if bt = 0 is the first time that a singularity forms; for definiteness (Z1? l2) are reordered such that xu vanishes. The Taylor series (3.13c) can now be reduced to X ~ X(£s, t) ~\~\x22 ^2 " f" 6*^111 "b ... H " bt(x^ + ...) + ... , (3.13rf)
where only those terms which will turn out to be important at leading order have been displayed. VDC discuss flows where some of the coefficients in (3.13d) are zero owing to symmetries that impose additional constraints (also see below). However, here we will initially assume that the values of these derivatives can be completely arbitrary and will in general be non-zero; cf. the values given by Van Dommelen (1981) for the circular cylinder. There are, however, the following constraints on the signs:
The first o f these sim ply fixes the positive ^-direction, but the second is required if the expression (3.13d) is to be free of stationary points for < 0. Under the above conditions, at tim es close to separation the lines o f constant in the lagrangian domain appear as sketched in figure 2 a. A t the separation tim e, the fold at the separation particle s collapses to a cusp. N ote th at physically these lines At t = ts the boundary-layer approxim ation is obviously no longer valid because y becomes infinite at the stationary point (see (3.8)). However, at tim es shortly before ts a local description o f the flow field can be obtained by asym ptotic expansions. Following the guiding principles of Van D yke (1975) , the aim is to scale the lagrangian coordinates lt and the position coordinates x and y to va Y such that in the 'inner' asym ptotic region the characteristic equations (3.14) are non-singular. This suggests that the 5 tt erm in (3.146) singular points for bt < 0, should be retained. Further, for bt = 0 we w the solution close to the stationary particle to a solution for y which is regular away from this point. Thus those terms that ensure the absence of singular points away from particle £s at time bt = 0, i.e. the l\ and terms in (3.14), m ust also be retained. Along the third segments, the lines of constant X proceed upwards toward the external flow. As in the lower segments, the jacobian is no longer small here. Thus the changes in y are finite on boundary-layer scale, and the third segments cause a layer of particles with a boundary-layer scale thickness, atop the central region (see figure 16 ).
Taking the boundary-layer scaling of the normal position into account, it follows that the separation structure is one in which the boundary layer divides into a central layer of physical thickness proportional to between two 'sandwich ' layers of thickness proportional to Re~K
Interpretation
We now turn to the physical interpretation of these results. The boundary-layer thickness is asymptotically determined by the position of the upper particle layer in figure 16 ; letting L* -> -oo along the positive branch of (3.18a), we obtain from ( 18) The shapes of the velocity profiles in the sandwich layers at the edges of figure 2 / cannot be found from asymptotic analysis because they depend on the precise details of the earlier evolution (see the remarks below (3.21)). It should also be noted that while there is a local minimum (or maximum) in the velocity profile at separation, the existence of such a turning point is not necessarily an indication that separation is about to occur. For example, for the impulsively started circular cylinder, a minimum in the velocity profiles develops quickly, after one-sixth diameter motion, yet separation occurs much later, after three-quarters diameter motion ( 3.6. Subsequent stages Naturally, the singularity structure derived here will not remain asymptotically correct arbitrarily close to the time of actual singularity because the normal velocity above the central inviscid region becomes infinite when the singularity forms. To be more specific, at times close to ts the boundary layer thickens to 0(R~*|8£|-*) in a region with a streamwise extent 0(|8£|q. In moving past this locally thickened region of the boundary layer, the fluid above the boundary layer experiences a viscous displacement velocity of 0(i?~s|8£|-*). Just above the boundary layer, there is an asymptotic region, 'an upper deck', where this velocity perturbation is reduced to zero as a result of an induced normal pressure gradient. The perturbation in this region is irrotational, and hence the induced pressuregradient perturbation is found from Bernoulli as Ap* = 0 (iH |8 * r "). Their results also show that at it! = 105 and it! = 108 the singularity time is changed by 35 % and 10 % respectively. This suggests that the relatively small power of the Reynolds number in (3.22c) can lead to large differences between theory and experiment at moderate Reynolds numbers. Another problem for which accurate numerical solutions are still required is the description of the flow on the 8f = 0(Re~&) timesca formulation). One of the main numerical difficulties in this problem arises from the unbounded matching conditions at the edge of the central in viscid region. Rather than trying a direct attack, in the next section we will address a considerably more attractive interactive problem for a case in which the separation is 'weak'. Also, in lieu of a solution for 5 t = 0(Re~&), we n interactive problems have been studied. All these results suggest that while a ' triple deck ' type interaction modifies the form of the classical boundary-layer singularity, it is not sufficient to eliminate finite time singularities from the interactive equations. In an attempt to understand what happens once the second singularity has developed, i.e. assuming one forms on the R n timescale, Smith (1990) has proposed an analysis for an even shorter asymptotic timescale.
As yet no asymptotic solutions have been presented which yield a description of the flow for finite times beyond ts (but see Sychev ( where J is the jacobian, H(x,z) = h1(x,z)h3(x,z), and h1 and h3 a coefficients evaluated on y = 0 for the coordinates x and z respectively. The for a singularity to form is that the lagrangian gradients of x and z become parallel, L® * V^ = AsV4z (3.24) for some constant As.
The physical description of separation given in §2 is again valid in three dimensions; the separation particle is squashed infinitely thin in the direction of the skewed coordinate n = x -Asz. A generalization of the dimensions can also be shown to hold.
Three-dimensional asymmetric separation
The most general form of separation occurs if the initial singularity develops at a point in the flow where there are no symmetries. An analysis based on expanding the position coordinates x, z, and the density p, in Taylor series can again be performed (VDC). The singularity is found to have a quasi-two-dimensional structure stretched out along the surface line x = x0(z, t) = As z + A<2) z2 + A<3) z8 + A<4) 5 (3.25 where the origin is taken at the separation particle, -------------------18/1* ------------------- 1981, 1990 ) demonstrated that the same results could be recovered by a lagrangian analysis similar to the one described previously. Further, the simplicity of the lagrangian approach enabled VDC to extend the description of the singularity structure a little distance off the symmetry line. They were also able to consider a more general form of symmetric separation in which the singularity develops at a point rather than along the entire symmetry line, e.g. as would occur in starting flow through a curved pipe with non-uniform curvature.
This symmetric singularity is not reducible to the asymmetric one, but does have a similar structure. If the coordinates x and z are perpendicular to, and aligned with, the symmetry line respectively, then scalings corresponding to (3.15c) and (3.26a, 6) involve the same powers of |8f|. Further, the scaled displacement thickness can again be written in terms of an elliptic integral. However, the position of the separation particle, and hence the displacement thickness, increases more rapidly, in particular as |8f|_*; these scales are illustrated schematically in figure 4.
The most significant difference between this singularity and the asymmetric one concerns the velocity in the central expanding region. For the symmetric singularity this is much larger than the velocity in the upper and lower vorticity layers, whereas the opposite is true for the asymmetric singularity (at least in the frame moving with the singularity). As a result, the pressure gradients induced by the rapidly increasing displacement thickness are first felt in the vorticity layers. Since it is the central layer which is responsible for the growth in boundary-layer thickness, it appears that the first asymptotic rescaling will not lead to an 'interactive' effect that inhibits the development of the singularity. Instead, it is likely that the singularity will continue to be driven by the flow in the central layer, while significant changes occur in the upper and lower layers.
3.10.
Numerical verification of symmetry line separation As indicated above, until a mathematical proof is available, verification of the regularity hypothesis rests on the properties of numerical solutions. One such calculation has been performed by Lam (1988) The flows on the symmetry lines £ = 0 and £ = were obtained by expanding x, u, w in Taylor series in £ and (£-n )r espectively. The resu equations for the leading order coefficients depends only on y and t. These equations were marched forward in time using a second-order finite difference scheme. At each time step the nonlinear difference equations were solved by Newton-Raphson iteration.
Away from the symmetry lines, the governing equations were again discretized by second-order central differences; we note that it was not necessary to skew the finitedifference molecules for the first-order spatial derivatives in Runge-Kutta scheme using equally spaced steps in y ; interpolation was used to find x■, as necessary. Figure 5a is a graph of ming against time (in fact, because the separation singularity develops on the symmetry line of the inner bend it is equivalent to a plot of ming_K Clearly V^x tends to zero linearly in time; we conc impulsively started flow through a curved circular pipe, separation starts at 2.813. The asymptotic scalings predicted for |Sf| 1 (see figure 4) can be confirmed by plotting a position in the upper vorticity layer as + c)|8f|s against -a;)|8^, as in figure 5b; here y = 10 and t = 2.7, 2.75, 2.8 (the constant part 5.5 was included as a first approximation to account for higher-order corrections in the asymptotic expansion for small |8£|). The singularity structure is verified because the plots collapse on to each other. A lagrangian analysis similar to that above can be performed for this symmetry as well (VDC). While the precise structure of the separation singularity depends on whether or not the flow has swirl, both types of singularity have qualitative features in common with each other and with the symmetry line singularity described above; for example the velocity in the central expanding region is much larger than that in the surrounding vorticity layers. The lateral scaling of the singularity is again |8£|*, but the displacement thickness increases like |8<|-1 and |8£|"i for flows with and without swirl respectively (see figure 4) . The results on the axis can also be obtained by eulerian analysis (see above references), however, the singularity structures slightly off the axis were first obtained by the lagrangian approach.
Axisymmetric separation

Asymmetric marginal separation
Introduction
In the previous section we mentioned the two-dimensional unsteady interaction problem which develops when the pressure perturbations induced by a rapid growth in boundary-layer thickness become too large to be neglected. As an alternative to studying this difficult problem, a formulation in which the interaction is in some sense 'weak' is presented below. In fact from a theoretical standpoint, the problem where the cylinder has been oscillating ad infinitum is not especially attractive because of the complications arising from the boundary-layer collisions at the stagnation points. A natural alternative is to consider the start-up problem, or more generally a case where the cylinder is moved (possibly unidirectionally) only for a finite time. As will be indicated below, the nature of the weak separation for such problems is not as simple as first thought. A more attractive possibility may be the case of separation induced by a vortex impinging on a boundary layer which experiences an otherwise favourable pressure gradient (cf. Doligalski & Walker 1984) . A strong vortex will induce separation, whereas if it is sufficiently weak the flow is expected to be separation free.
The work in this section was motivated by the observation that if a circular cylinder of diameter D is oscillated perpendicular to its axis through an amplitude
For the above flows, the boundary-layer solution depends on a variable parameter a (the Keulegan-Carpenter number, the time that the cylinder moves, the strength of the vortex, etc.), in addition to the lagrangian coordinates and time. We assume that for values of a less than some minimum value, say as, no separation occurs, but that for a ^ as separation takes place. In the spirit of Stewartson et al. (1982) call the separation for a x as marginal. Previous studies of unsteady marginal separation include the work of Ruban (1982a), Smith (1982) and Smith & Elliott (1985) . For the most part these authors considered unsteady small perturbations imposed upon flows which were already close to the steady marginal separation condition identified by Ruban (1981, 19826) and . In addition, the timescale of the perturbations was slow compared with the reference time interval D/U (but, see Elliott & Smith (1987) for a discussion of a shorter timescale problem which may develop subsequently).
Our aim is to provide a theoretical description of marginal separation when the flow starts far from separation, momentarily approaches it, and then recovers to a strongly attached state over an 0(D/U) timescale. However, a complication that arises is whether at the critical value of the parameter as, separation occurs at a finite or infinite time. We will show that both cases seem possible, and study possible structures for representative flows.
When the marginal separation occurs at a finite time, we hypothesize that the classical boundary-layer solution is a regular function of the parameter a, as well as being a regular function of the lagrangian coordinates (£, and the time t :
x = x(£,rj;t;a). (4.1)
On this assumption, we will find a non-interactive description of marginal separation when a & as\ this analysis will then be extended to include interactive effects. As at the start of §3, the flow is taken to be two-dimensional and incompressible, although generalizations are straightforward.
Non-interactive asymmetric marginal separation
The analysis of the marginal separation singularity is similar to the twodimensional asymmetric singularity described in the previous section. As before, the existence of a singularity is indicated by the development of a stationary point in a;(£,rj\t\a) at some position S : xg = Xv = 0 at S = (£s, r/s, ts, as).
(4.2
In this case the transformations that simplify the Taylor series expansion for x about S are essential, and so these will be described in detail. Similar to the case of non-marginal separation, we shift the origin of the lagrangian coordinate system to the point S, and then rotate the axis system to eliminate the mixed second-order lagrangian derivative. The shifted and rotated coordinates are denoted by k2, t, a), and 'A' will be used when dependent variables such as x are considered a function of these coordinates. As before, if ts is the first time that a singularity forms, the firstorder derivatives and all but one of the second-order derivatives at S must be zero:
The remaining second-order derivative, x% , is assumed not to be zero. If it were zero all three second-order derivatives would vanish in the original coordinate system, in addition to the two first-order ones. Those five conditions seem too restrictive for four independent coordinates, and they are not required to obtain marginal separation. Unlike the previous section, a second transformation is now helpful. First, we note that since xe. c. is non-zero, the location where the derivative x c vanishes defines a is therefore necessary (and in fact must be so even if was zero, since in that case the axis system could be rotated to satisfy (4.5)).
The Taylor series for the streamwise particle position x has thus been simplified to
where only those terms which turn out to be significant near the separation particle have been retained. The following requirements on signs are needed so that there is no separation for negative a : This expression is everywhere single-signed except at the separation point itself (for definiteness we assume that it is negative), and thus the velocity profile at marginal separation must have a vertical inflection point. In addition, because diffusion acts to smooth out the vorticity distribution, we conclude that at times before marginal separation there must be an internal region of positive vorticity, indicated by a negative slope in the velocity profile. To write^ the results in a standard form we nc)w make a thin| transformation in which the lcx -coordinate is shifted to the location k la where X i (/fclg, 0; a ) van
We also subtract the motion of the origin from the streamwise position:
x = x -x a, xa{t\d) = x(kla, Summarizing the above three transformations, the total transformation consists of the initial shift and rotation of the lagrangian coordinate system followed by lx = kx-k la(i-,d), l2 = k2-k 2a(kx,i,d) where the artificial small parameter e, chosen so that 0(1), will prove useful when considering the interactive case. We see that the separation region scales as (x,y) =s 0 (^,n ) , instead of 0(B, t~*) as in (3.15c, d) . Nevertheless, in the limiting process e -> 0 the scaled displacement effect of the inner region is essentially the same as for the non-marginal case of § 3: *----------------------------------------------------- Further, it seems that a general functional form for C can be excluded because of the curved topology of the lines of constant X in the lagrangian domain. In particular, except for special choices of C, the limit L2 -*■ + oo i regions into the downstream non-interactive boundary layer. One of these regions corresponds to particles emerging from the interaction region, but the other has particles entering it and there is no apparent justification for such an asymptotic structure there. Based on the assumption that the second term in the expansion of the non-interactive region is 0(R~%), we conclude that the which matches the non-interactive solution is given by 
Bordering vorticity layers
The analysis so far has determined the asymptotic solution in the rapidly expanding region near the stationary point. As in the non-marginal, non-interactive case of §3, the boundary-layer particles below the central region form a non separating vorticity layer at the wall, while those above it form an ejected vorticity layer.
For the lower vorticity layer, we propose the scalings The question arises whether the symmetry might lead to significant changes in marginal behaviour; we will show that it does. In particular we find that symmetric marginal separation is not ordinarily possible at a finite time if the solution to the momentum equations remains regular. We also show that marginal symmetric separation can occur at infinite time, and we propose asymptotic scalings for it. First we recall that the standard symmetric separation singularity has a negative local minimum for g that approaches negative infinity as (see, for example, Banks & Zaturska 1979). However, because the second derivative of a function is non negative near a minimum, some a priori estimates restrict the possibility of separation. In particular, if the value of the minimum for g is at or above -once G is positive, the minimum value must increase with respect to the external flow value G, so that separation cannot occur. The marginal case seems to occur when the minimum of g approaches -G from below; this value (here -1), is indeed a stationary position of the inviscid part of the momentum equation (5.6
Conditions for finite time marginal separation
For the asymptotic region within which g is close to -1, there is a range of asymptotic scalings which select only the steady, inviscid terms from the momentum equation at leading order. The precise scaling is fixed by the condition that the unsteady and viscous correction terms do not introduce singularities in the expansion at the minimum in the velocity profile. This requires that both correction terms appear at the same order in the asymptotic expansion. After some algebra these considerations lead to the following scalings and solution for the expanding central region:
t The large time marginal structure derived here seems self-consistent and agrees qualitatively with numerical data. However, the lagrangian numerical computation is very ill-conditioned near marginality, which makes a quantitative comparison impossible.
Concluding remarks
Much of what we know today about the computed and analytical structure of the initial stages of unsteady separation has resulted from the introduction of lagrangian coordinates to the problem. While these coordinates have their well-known disadvantages (e.g. non-uniqueness of the coordinate system, lengthy formulae, lack of a steady state), in the case of unsteady separation these are outweighed by some of their less publicized advantages (e.g. simplified convection, particle accumulation in the separation region, adaptation to inviscid boundary-layer thickening, decoupling of the stream wise and normal particle positions).
In numerical work, a lagrangian solution for unsteady boundary-layer separation problems is advantageous because the resolution problems for more conventional procedures are severe. Lagrangian procedures work well for such flows; the first accepted solution to unsteady two-dimensional separation was lagrangian (Van Dommelen & Shen 1980), and since then many other flows have been calculated by this method. Yet, based on our own experiences and those of others, it appears that while most ordinary numerical techniques will work for lagrangian coordinates (e.g. Crank-Nicolson, s o r , l s o r , a d i , multigrid iteration, approximate factorization, multilevel time discretizations, etc.), they have to be applied with care. Despite such difficulties lagrangian coordinates are possibly the best generally applicable numerical method for obtaining solutions to the boundary-layer equations when separation occurs. It might also be argued that the common tendency to concentrate on eulerian coordinates has been at the expense of the development of more robust procedures to overcome the difficulties that arise in lagrangian computations, e.g. varying coefficients, and the need to regenerate the mesh adaptively. A current emphasis is on three-dimensional unsteady computations, in order to verify the existence of the three-dimensional separation structure (see §3.8). For that reason, we have developed a three-dimensional lagrangian code; this uses overlapping meshes, local discretizations, and a d i iteration to resolve some of the topological issues inherent in three-dimensional curved surfaces.
For analytical work, the advantages of a lagrangian approach are due to the key observation that in lagrangian coordinates the components of particle position parallel to the surface are governed by momentum equations which decouple from the continuity equation that specifies the particle position normal to the surface. In part, this decoupling occurs because the pressure gradient which drives the flow is independent of the normal coordinate. As a result of the lagrangian simplifications, a general analytic theory of unsteady separation can be obtained by hypothesizing that it is only the normal component of particle position that becomes singular, i.e. by assuming that the other components of particle position remain regular (a conjecture supported, for example, by numerical solutions). On this basis, the selfconsistency of the asymptotic expansions to arbitrary high order is clear. More important is the indeterminacy in the asymptotic expansions which arises because of a certain arbitrariness as to which lagrangian derivatives vanish at separation. In the present approach the indeterminacy is removed by assuming that the smallest possible number of lagrangian derivatives are zero, while satisfying any conditions imposed by symmetries. This assumption is clearly plausible, and is supported by numerical solutions. In principle, it should also be possible to explain the same separation structures using eulerian coordinates; indeed some of the symmetry line singularities were first obtained this way. However, the complexity of the eulerian analysis rapidly increases with the number of dimensions. As a result, even the expansion for twodimensional asymmetric separation has not been taken to sufficiently high order to determine uniquely an arbitrary function that arises in the analysis. In addition, no purely eulerian description has been given either of the general three-dimensional separation structure or of the form of separation off a symmetry line or axis.
We note that because of the simplicity of the lagrangian approach, this method of solution has been applied to a class of problems closely related to the symmetry line singularity, namely exact solutions to the two-dimensional Navier- As an illustration of the simplicity of the lagrangian approach, the interactive structure of a new form of asymmetric, marginal separation has been derived. The flow is assumed to approach, and then recover from, separation on the same timescale as it takes for a fluid particle to pass over the body; interactive effects are only important for a short 0(R~™) timescale. We find that a 'triple deck' type interaction can modify, but apparently not remove, the separation singularity. Although verification of the existence of this type of marginal separation awaits the numerical solution of the boundary-layer equations, we envision that the solution will be applicable for flows which start far from separation, momentarily approach it, and then recover to a strongly attached state, e.g. the temporary approach of a vortex to a boundary layer, or a pitching airfoil.
We have also shown that finite-time marginal separation cannot occur on a symmetry line, although it is possible at infinite time. This suggests the possibility of a type of asymmetric marginal separation which can occur at infinite time.
Finally, we note that it has been argued (see for example Ersoy & Walker 1985; Stuart 1988 ) that the explosive growth associated with boundary-layer separation singularities may be related to eruptions from the sublayer of a turbulent boundary layer, and so with the regeneration of vorticity in such layers. In particular Ersoy & Walker (1985 We finish by noting that for some of their modulation equations, especially those of boundary-layer type, a lagrangian approach may be advantageous in determining which of the proposed singularities, and thus which physical processes, are of acceptable form.
